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Applying Spectral Representation to Simulation of
Stochastic Processes: Scaling, Units, Sidedness

Brian Bingham

Abstract—Physics-based simulation is a critical capability for
engineering design because it enables evaluating early-stage
prototypes through testing in a variety of virtual environmental
conditions. To provide quantitative results, the simulated condi-
tions must be derived from accurate descriptions of the physical
environment. Such environments are often modeled as stochastic
processes and described by power spectral density functions, e.g.,
empirical wind and wave spectra. While the relationship between
a spectral description and a time series sampled from that de-
scription is mathematically well defined, generating sample time
series consistent with the physical description requires attention
to the details of spectra normalization scaling, engineering unit
conventions, and sidedness of the spectral representation. This
report synthesizes the basic mathematical background, presented
with the intent of providing a self-consistent set of conventions
for the practitioner. A reference implementation is provided,
implementing both summation of cosines and fast Fourier trans-
form methods, to illustrate the importance of accounting for
scaling, units, and sidedness when generating synthetic virtual
environments.

Index Terms—time series, stochastic processes, simulation,
spectral representation, wave generation

I. INTRODUCTION

Many of the environmental influences on an engineered
system can be modeled as stochastic processes where the
particular environmental conditions are described by the power
spectral density (PSD) of the process. For maritime vessels,
waves and wind have important influences on control and
perception. Using spectral representations of these influences
improves the connection between the simulated environment
and field conditions. This study is motivated by our recent
work in simulation of environmental influences upon ocean
robotic systems at and below the water surface [1], [2], [3].

As pointed out in [4] the variety of nomenclature, conven-
tions and definitions in spectral analysis leads to considerable
confusion and often improper use when applying these tech-
niques.

This article describes techniques to generate a time series,
y(t), that is a sample function (a realization) of the one di-
mensional, univariate (1D-1V) stochastic process, yo(t), with a
given one-sided PSD function Syo(ω), where ω is angular fre-
quency in rad/s. Methods for simulation of stochastic process
include covariance decomposition, auto-regressive moving-
average (ARMA), noise shower, scale refinement, turning
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band and spectral representation [5]. This report discusses the
spectral representation method.

A. Background

Foundational work on spectral representation of a stochastic
process was done by Rice [6], [7]. Some of the original
approaches to generating a time series with given PSD were
based on the design of a linear filter for which white noise
input would generate an output with the desired PSD. Sum-
of-cosines methods were introduced in [8], [9]. The methods
covered in this report include the following:

• Linear filtering and spectral factorization.
• Spectral representation - sum of cosines
• Spectral representation - FFT/IFFT

For general time series analysis see [10] and the references
therein.

B. Frequency, Sidedness, Conventions, Notation and Scaling

Our goal is to generate time series realizations of stochastic
processes described by spectral representations. Spectral rep-
resentation is a concise way to describe a physical phenomena
(wave, wind, etc.) based on thorough empirical analysis, al-
lowing the simulated time series to embody authentic physical
scenarios. Because of this connection between the spectral
representation and the time series, it is important to address
the following issues:

• Expression of the frequency variable in angular or oscil-
lation frequency.

• Scaling of the Fourier transform and Fourier series re-
sulting from the choice of frequency units.

• Use of the two-sided or one-sided PSD.
Often the details of the conventions used are ambiguous
because these issues are not of primary importance in mathe-
matics and physics domains, or in applications where both the
transform and inverse transform are used. However, for our
engineering applications, maintaining the physical relevance
between the expression of the PSD (in either frequency units
and either sidedness) and the time series with physically
meaningful units is important for the purposes of generating
environmental influences that are statistically representative of
the underlying spectral descriptions. The contribution of this
report is to provide a complete and consistent synthesis of the
simulation generation process with explicit notation to make
use of the various conventions for expressing PSD sidedness,
frequency units and Fourier transform scaling.
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II. PRELIMINARIES

A. Integration by Substitution

Given the functional relation u = ϕ(x), the following is
true for finite, single variable integrals1:∫ φ(b)

φ(a)

y(u)du =

∫ b

a

y(φ(x))

(
dφ(x)

dx

)
dx. (1)

This will be useful when changing variables, e.g., between
oscillation and angular frequency.

B. Fourier Transform

1) Oscillation Frequency: f [Hz]: When using the oscil-
lation frequency in Hertz, the continuous time Fourier and
inverse Fourier transform exhibit symmetry

X(f) =

∫ ∞

−∞
x(t)e−j(2πf)tdt = F{x(t)} (2a)

x(t) =

∫ ∞

−∞
X(f)ej(2πf)tdf = F−1{X(f)} (2b)

where we use the notation F{·} for the Fourier transform op-
erator and F−1{·} for the inverse Fourier transform operator.

2) Angular Frequency: ω [rad/s]: However, expressing the
transforms in terms of angular frequency, ω = 2πf , destroys
this symmetry2. To make matters worse, there are a variety
of conventions when it comes to writing the definition of the
transform with angular frequency, hence the “plethora of rival
conventions of the definition of the Fourier transform”3. If we
use integration by substitution (1) and the definition (2) results
in

X(ω) =

∫ ∞

−∞
x(t)e−jωtdt (3)

x(t) =
1

2π

∫ ∞

−∞
X(ω)ejωtdω (4)

We can also write the transform pair as

X2(ω) =
1√
2π

∫ ∞

−∞
x(t)e−jωtdt (5)

x(t) =
1√
2π

∫ ∞

−∞
X2(ω)e

jωtdω (6)

which is similar to the Fourier-Stieltjes transform used com-
monly in probability theory. Another possible convention is

X3(ω) =
1

2π

∫ ∞

−∞
x(t)e−jωtdt (7)

x(t) =

∫ ∞

−∞
X3(ω)e

jωtdω (8)

1https://en.wikipedia.org/wiki/Integration by substitution
2http://mathworld.wolfram.com/FourierTransform.html
3https://en.wikipedia.org/wiki/Fourier transform#Units and duality

3) Einstein-Wiener-Khinchin Theorem: The theorem states
that, “the autocorrelation function of a wide-sense-stationary
random process has a spectral decomposition given by the
power spectrum of that process”4.

Consider a zero-mean, real-valued, wide-sense stationary5

x(t). The autocorrelation is defined as

Rxx(τ) = E[x(t+ τ)x(t)]

where E(·) is the expectation operator. Under reasonable
assumptions of continuity and differentiability, the autocorrela-
tion and PSD are Fourier transform pairs. In units of oscillation
frequency this is expressed as

Sxx(f) =

∫ ∞

−∞
Rxx(τ)e

−j(2πf)τdτ = F{Rxx(τ)} (9a)

Rxx(τ) =

∫ ∞

−∞
Sxx(f)e

j(2πf)τdf = F−1{Sxx(f)}(9b)

It is important to note Sxx(f) refers to the two-sided PSD.
For real-valued processes, the PSD is symmetric about f = 0,
i.e., Sxx(f) = Sxx(−f). Often times the one-sided PSD,
Σxx(f) is used for just positive frequencies. The two are
related by

Σxx(f) = 2Sxx(f), ∀f ≥ 0, (10)

and the integrals involving the one-sided spectrum have a
lower limit of 0 rather than −∞.

This relation allows us to illustrate the relation between PSD
and power. The expected power in the process x(t), equivalent
to the variance of the process (σ2), is

E[x2(t)] = σ2 = Rxx(τ = 0) =

∫ ∞

−∞
Sxx(f)e

j(2πf)(τ=0)df(11a)

=

∫ ∞

−∞
Sxx(f)df (11b)

= 2

∫ ∞

0

Sxx(f)df (11c)

=

∫ ∞

0

Σxx(f)df (11d)

which is the area under the PSD curve.
4) Power Spectral Density and Angular Frequency: Ex-

pressing the PSD in angular frequency (ω [rad/s]) can be error
prone. We define the two-sided PSD in angular frequency as
a separate function, Gxx(ω). This expression must also be

4https://en.wikipedia.org/wiki/Wiener-Khinchin theorem
5Wide-sense stationarity is a weaker form of strict sense stationarity. For

a wide-sense stationary stochastic process the mean and the autocorrelation
are time invariant, and the average power is finite.

https://en.wikipedia.org/wiki/Integration_by_substitution
http://mathworld.wolfram.com/FourierTransform.html
https://en.wikipedia.org/wiki/Fourier_transform#Units_and_duality
https://en.wikipedia.org/wiki/Wiener-Khinchin_theorem
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consistent with the expected power relationships (11), so using
the integration by substitution (1) we find

E[x2(t)] = Rxx(τ = 0) =

∫ ∞

−∞
Sxx(f)df (12a)

=

∫ ∞

−∞
Sxx(f = ω/(2π))

(
df

dω

)
dω(12b)

=
1

2π

∫ ∞

−∞
Sxx(f = ω/(2π))dω(12c)

=
1

π

∫ ∞

0

Sxx(f = ω/(2π))dω (12d)

=
1

2π

∫ ∞

0

Σxx(f = ω/(2π))dω.(12e)

Equations (12) are applicable when provided with a PSD
function expressed in oscillation frequency, but carrying out
the integration in angular frequency. If the PSD is expressed
in angular frequency, the intention may be that

Gxx(ω) =
1

2π
Sxx(f = ω/(2π)) (13)

where Gxx(ω) is the two-sided PSD in angular frequency and
the corresponding one-sided PSD in angular frequency is

Γxx(ω) = 2Gxx(ω)

=
1

π
Sxx(f = ω/(2π))

=
1

2π
Σxx(f = ω/(2π)), ∀ω ≥ 0, (14)

which implies that

E[x2(t)] = Rxx(τ = 0) =

∫ ∞

−∞
Gxx(ω)dω (15a)

= 2

∫ ∞

0

Gxx(ω)dω (15b)

=

∫ ∞

0

Γxx(ω)dω. (15c)

III. GENERATING TIME SERIES

A. Summation of Cosines Method

Using the explicit notation above, the simulation formula
from [11] can be applied to generate the time series y(i)(t) that
is the i-th realization of the stochastic process y(t) described
by the two-sided PSD Gyy(ω) expressed in angular frequency.
This simulation formula converges to the series as N → ∞:

y(i)(t) =
√
2

N−1∑
n=0

An cos(ωnt+ ϕ(i)
n ) (16)

where

An = (2Gyy(ωn)∆ω)1/2, n = 0, 1, 2, ..., N − 1 (17a)
ωn = n∆ω, n = 0, 1, 2, ..., N − 1 (17b)

∆ω = ωu/N. (17c)

The frequency sampling is ∆ω, the upper cut-off frequency,
ωu, is the frequency beyond which the PSD may be assumed to
be zero, ϕ(i)

0 , ϕ
(i)
1 , ..., ϕ

(i)
N−1 are the i-th realizations of random

phase angles distributed uniformly over the interval [0, 2π) and

to avoid aliasing the time step (sampling time) is constrained
by

∆t ≤ 2π

2ωu
=

π

ωu
(18a)

≤ 1

2

(
2π

∆ω

)
1

N
=

π

∆ωN
(18b)

≤ 1

2

(
1

∆f

)
1

N
=

1

2∆f N
(18c)

with the sampling frequency expressed as both angular and
oscillation frequencies. The condition

A0 = 0 or Gyy(ω0 = 0) = 0 (19)

is necessary and must be forced if Gyy(0) ̸= 0. The simulated
time series is periodic with period

T0 =
2π

∆ω
. (20)

1) Periodicity, Simulation Error and Convergence: By ex-
amining the error between the time series ensemble auto-
correlation and the desired autocorrelation, we can quantify
the quality of the time series reproduction of the target PSD.
In [11] the authors show, using [12], that for the simulation
equations (16) and (17) the rate of convergence is proportional
to 1/N . It is worth noting that the frequency sampling (17b) of
the summation in (16) is analogous to integral approximation
by a left Riemann sum, which is consistent with an error
function that decreases with 1/N .

An alternative approach is to use frequency sampling anal-
ogous to a middle Riemann sum method by sampling of the
spectrum according to

ωn = n∆ω +∆ω/2, n = 0, 1, 2, ..., N − 1 (21)

instead of (17b). The analogy holds that as would be expected
for a middle Riemann sum, the convergence when using (21)
is proportional to 1/N2. Also the periodicity of the resulting
time series is doubled to

To = 4π/∆ω. (22)

A disadvantage of this approach is that it cannot be imple-
mented with the FFT technique below.

Note that [13] present a slight modification of the sum-
mation of cosines formulation that converges on the order of
1/N4. The modification only affects the first two terms.

B. Fast Fourier Transform (FFT) Method
The FFT algorithm can be applied to the summation in

(16) to improve the computational efficiency of generating
the complete sample function at once [14]. The discrete-
time Fourier series (DTFS) for finite series6 is defined by the
forward and inverse transform pair

X[k] =

M−1∑
m=0

x[n]e−j( 2π
M )k n (23a)

x[n] =
1

M

M−1∑
k=0

X[k]ej(
2π
M )k n (23b)

6https://www.princeton.edu/∼cuff/ele201/kulkarni text/frequency.pdf and
https://web.eecs.umich.edu/∼fessler/course/451/l/pdf/c5.pdf

https://www.princeton.edu/~cuff/ele201/kulkarni_text/frequency.pdf
https://web.eecs.umich.edu/~fessler/course/451/l/pdf/c5.pdf
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for a time series x[n] and a frequency series X[k] of length
M

x[n]: n = 0, 1, ...,M − 1 (24a)
X[k]: k = 0, 1, ...,M − 1. (24b)

To make use of the computation efficiency of the FFT tech-
nique, the summation of cosines simulation formula (16), with
frequency sampling (17b), is rewritten in a form consistent
with the DTFS as

y(i)(p∆t) = Re

{
M−1∑
n=0

Bne
j(n∆ω)(p∆t)

}
(25a)

= Re

{
M−1∑
n=0

Bne
j( 2π

M )p n

}
(25b)

p = 0, 1, ...,M − 1 (25c)

where Re indicates the real part and Bn is

Bn =
√
2Ane

jϕ(i)
n , n = 0, 1, ...,M − 1 (26)

and, consistent with (17a),

An = (2Gyy(ωn = n∆ω)∆ω)1/2, n = 0, 1, 2, ...,M − 1
(27)

which is equivalent to the spectrum evaluations from (17b)
with

∆ω = ωu/N. (28)

Comparing the expressions (17a) and (27) we notice that the
former (summation of cosines) produces N coefficients and
the latter produces M coefficients. Because the spectrum is
negligible for ω = n∆ω ≥ ωu, the condition

Bn = 0, ∀N ≤ n ≤ M − 1 (29)

is imposed. Also, to be consistent with (19), the condition

B0 = 0 (30)

is imposed.
The generated time series y(i)(p∆t) is periodic with T0 =

2π/∆ω as demonstrated in the summation of cosines (20).
Time and frequency sampling are related by

T0 =
2π

∆ω
= M∆t (31a)

ωu =
2π

∆t
= M∆ω (32)

C. Computational Comparison

Generating physically meaningful time series for engineer-
ing applications is an important part of an overall simulation
framework, The simulation framework refers to total simula-
tion scenario being put to use and can contain such aspects as
physics engines, sensor and actuator models, visual rendering,
communication interfaces, etc. To support engineering anal-
ysis in this context, the simulation method should have the
following characteristics:

1) The error between the PSD (or autocorrelation) of
the generated sample function and that of the original
stochastic process should be small.

2) The periodicity and temporal sampling of the time series
should be consistent with the simulation framework.

3) The computational requirements of the time series gen-
eration should be sufficiently small as to not affect
the overall simulation framework. For example, some
simulation scenarios require running in real-time.

4) The data storage requirements for the time series should
be reasonable for the simulation framework.

The numerical convergence (1/N , 1/N2, or 1/N4) affects
both the computation and data storage requirements as illus-
trated by the examples presented in [13].

IV. ILLUSTRATIVE EXAMPLE

A. Equivalent Sampling

For the purposes of making direct, fair comparisons be-
tween methods we would like to generate the same sample
functions by each method. The summation of cosines method,
as expressed in (16) and (17) uses N samples divided equally
between zero and the upper limit of ωu. The temporal sampling
is independent, with P time samples based on the choice of
∆t. For the FFT method (25) the frequency sample size (∆ω)
is kept the same, but M samples are used with M ≥ 2N
in order to prevent aliasing, hence the condition for padding
zeros in the FFT series (29). Unlike the summation of cosines
method, the FFT method results in an equivalent number of
time and frequency samples. This is summarized in Table I.

We can adjust the summations of cosines method to achieve
the same frequency and time sampling for both methods. By
setting frequency upper limit to 2ωu we can set N = M
without causing aliasing in the FFT method. To achieve
equivalent temporal sampling we need to set P = M or
equivalently choose

∆t =
T0

M
(33)

which satisfies the constraint (18). Combining (18), (31a) and
(33) yields

∆ω =
2ωu

M
. (34)

B. MATLAB Implementation

We consider the numerical example from [11]

Gyy(ω) =
1

4
σ2b3ω2e−b|ω|, −∞ < ω < ∞ (35)

where constants are chosen as σ = 1 and b = 1 s. The
cutoff frequency is ωu = 4π rad/s. We choose the maximum
frequency for all methods to be ωmax = 2ωu and choose
N = M = 212 which results in a T0 = 1024 s and
∆t = 0.25 s. We generate a series of M random phase values,
ϕ
(i)
n for use in all methods.
When implementing the DTFS method (25) with an FFT

algorithm, it is important to be explicit about which FFT
convention is being used, because conventions for expressing
(23) vary across implementations. The MATLAB fft()
implementation corresponds to the convention in (23a) terms
of scaling and the sign of the imaginary exponential7. To make

7https://www.mathworks.com/help/signal/ug/discrete-fourier-transform.
html

https://www.mathworks.com/help/signal/ug/discrete-fourier-transform.html
https://www.mathworks.com/help/signal/ug/discrete-fourier-transform.html
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TABLE I
FREQUENCY AND TIME SAMPLING

Summation of Cosines (16) and (17) FFT (25)

Number of Frequency Sample N M

Frequency Sample Size ∆ω = ωu
N

∆ω = ωu
N

Frequency Upper Limit ωu M ∆ω ≥ 2ωu

Number of Time Samples P = T0
∆t

M

Time Upper Limit T0 T0

Fig. 1. Two-sided PSD from (35).

use of the FFT convention, we express the series Bn with
negative imaginary values

βn =
√
2Ane

−jϕ(i)
n , n = 0, 1, ...,M − 1 (36)

which allows us to use MATLAB’s FFT of the βn series.
We implement both the sum of cosines and FFT methods for

generating the sample function with the same time/frequency
samples sizes of N = M and the same set of M random
phase values. The resulting time series, one of infinitely many
sample functions, is shown in Figure 2. The figure illustrates

that the sample functions generated by the two methods are
equivalent to within numerical precision.

To verify that the generated sample functions are consistent
with the original target PSD, we estimate the PSD from each
sample function based on Welch’s method with 1024 point
FFT, Hamming windowing and 44% overlap. The estimated
PSDs and the original target PSD are shown in Figure 3. Note
that the estimated PSDs are the one-sided PSDs, Γ(ω), while
the original PSD from (35) and Figure 1 is two-sided. The
figure illustrates that both time series have equivalent estimated
PSDs and that they approximate the target PSD. The FFT
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Fig. 2. Two example time series generated by summation of cosines and FFT

method ran ≈ 60 times faster than the summation of cosines
method: 0.14 s (summation of cosines) vs. 0.0024 s (FFT).
Repeating the tests for various values of M suggests that the
speed-up ratio for the FFT method is Tsoc/Tfft = 0.04M
where Tsoc/Tfft is the ratio of computation time for the
summation of cosines method vs. the FFT method.

The MATLAB source code for this example is co-located
with this report at https://github.com/bsb808/carrel/tree/main/
posts/wave-spectra-sim/spectra-from-psd/src.

V. CONCLUSION

This report documents the implementation details necessary
to generate time series samples of physical processes described
via an empirical PSD. It is important to maintain consistency
with the scaling and conventions employed in order to gener-
ate synthetic samples statistically representative of the target
phenomena. These details are put into practice in a MAT-
LAB reference implementation to illustrate both summation of
cosines and FFT methods for generating equivalent time series

and to show that the simulated time series are statistically
representative of the underlying PSD.
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